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Forty years ago Baer [I] initiated a systematic investigation of the question 
which conditions a group G must fulfill in order to be the group of inner auto- 
morphisms of some group E (G e E/Z(E)). F o owing Hall and Senior[8] such a 11 
group G is called capable. Baer already determined all capable groups which are 
direct sums of cyclic groups. As P. Hall [9] emphasized, characterizations of 
capable groups are important in classifying groups of prime-power order. He 
also noticed a certain relationship with Schur’s theory of covering groups and 
projective representations [I 71. 
The present work has been stimulated also by the paper [4] of Evens in which 
the notion of a unicentral group is introduced. A group G is called micentral if 
the center of every central extension of G maps onto Z(G). We shall show that 
there is a common approach to capable and unicentral groups. In fact, we shall 
prove that every group G possesses a uniquely determined central subgroup 
Z*(G) which is minimal subject to being the image in G of the center of some 
central extension of G. This Z*(G) is characteristic in G and is the image of the 
center of every stem cover of C (Theorem 3.2). Moreover Z*(G) is the smallest 
central subgroup of G whose factor group is capable. Hence G is capable if and 
only if Z*(G) = I, and G is unicentral if and only if Z*(G) = Z(G). 
Let H,(G) == Hz(G, Z) denote the Schur multiplicator of G. It is known that 
G is unicentral if and only if the canonical map II,(G) --f HJG/Z(G)) is mono- 
morphic [18, Section V.81. Extending this result we show that if iv is a central 
subgroup of G, then NC Z*(G) precisely when the mapping H,(G) ---L H,(G/N) 
is monomorphic (Theorem 4.2). This also yields a characterization of Z*(G) via 
Ganea bilinear maps: Z*(G) is the left kernel of the Ganea map yc: Z(G) x 
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G/G’ + H,(G) (Theorem 5.1). We show that the Ganea mappings can be 
described explicitly in terms of factor sets. 
These rather general results are applied in the second part of the paper. In 
Section 6 we investigate closure properties of the class of all capable groups. In 
particular, we give sufficient conditions when extensions of capable groups are 
capable. Then we review some results on capable abelian groups, including 
a short proof of Baer’s result. We prove that a torsion-free abelian group is 
capable if and only if its rank is fl (Proposition 7.5). Finally in Sections 8 and 9 
we determine which extra-special p-groups and which metacyclic groups are 
capable. 
1. PRELIMINARIES 
An extension of a group G is a pair (E, 9) with v: E -+ G a group epimor- 
phism. We sometimes write also A > + E +-)r G where A = ker y, or refer 
to E as an extension of G. If (F, V) is another extension of G, a homomorphism 
/3: F + E over G is one satisfying q~ 0 p = V. (E, IJJ) is a central extension of G 
provided ker 9 C Z(E). 
We begin by recalling the following well-known fact (cf. Hall [9, p. 1371). 
PROPOSITION 1 .l. Let J be a generating system for G and A, = nzo, (x). 
Then A, C yZ(E) for every central extension (E, y) of G. 
Proof. Let E, be the inverse image in E of (x}, x E J. Then E, is abelian 
and nzGJ E, contains the inverse image EJ of A, . It follows EJ C Z(E). 1 
We denote by A(G) the join of all subgroups A, == nzeJ (x> where J varies 
over all generating systems of G. d(G) . IS a characteristic subgroup of G. It 
follows from Proposition 1.1 that a capable group G must satisfy d(G) =.: 1. 
However, this condition is not sufficient for G in order to be capable. Counter- 
examples are, for instance, the extra-special p-groups of exponent p > 2 whose 
order is at least p5. 
Proposition 1.1 gives at once that locally cyclic groups, dicyclic groups, and 
generalized quaternion groups are not capable. Similarly, a finitely generated 
abelian group G cannot be capable if its torsion-free rank is 1. (We will see in 
Section 7 that here A(G) = 1 is also a sufficient condition.) If G is a finite 
regular p-group such that a,(G) is a nontrivial cyclic group for some n, G cannot 
be capable as well. 
The class of capable groups is closed with respect to forming direct products 
(see Section 6). On the other hand, the direct sum of n > 2 copies of a cyclic 
group or of the additive group of the rationals is capable although the summands 
are not. To see this, let K be any associative and distributive ring with I. Denote 
by U the group of all upper triangular (n + 1) x (n -:- 1)-matrices over K with 
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ones in the diagonal, and let E = U/[U’, U]. Using the commutator relations 
for elementary matrices, one easily checks that E’ = Z(E) and that E/Z(E) is 
isomorphic to the additive group of KR. 
In contrast to this we observe that neither the Priifer group Z(p”) itself nor 
any direct sum of copies of it is capable. In fact, if A z Z(p’-) and B is ap-group, 
then A C il(A x B) and thus rZ x B is not capable. To verify this, choose 
elements a, E A for n > 1 such that 1 a, ! = pn and (u,+JP = a,. Here 
1 a, 1 denotes the order of a, . Then A x B is generated, for each n, by 
JTL = {(a,+, , b); m > 0, b E B, pm 3 I b I>. 
We see that (a, , 1) E ((x, y)) for all (x, y) E Jn . 
Here is another necessary condition for a group to be capable: 
PROPOSITION 1.2. If G is capable and the commutator factor group G/G’ of G 
is of jinite exponent, then also Z(G) is bounded and the exponent of Z(G) divides 
that of G/G’. 
Proof. Suppose (E, p) is a central extension of G with ker v = Z(E). Let 
(tJ, x E G, be a transversal to Z(E) in E (satisfying cp(t,) = x for all x E G). The 
commutators [t, , y t ] = t;lt$&, are independent of the chosen transversal. 
Moreover, (x, y) F+ [tz, t,] is a bilinear (bihomomorphic) map y: Z(G) x G + 
Z(E). The left kernel of y is trivial, because [tz , tg] = 1 for all y E G implies 
t, E Z(E). The right kernel of y must contain G’ = [G, G]. Notice that 
Y(X, r”) = Ax, Y)” = y(xW, Y) 
for all x E Z(G), y E G, and n E Z. Now the claim of the proposition is imme- 
diate. 1 
The proof of Proposition 1.2 gives us some further necessary conditions. 
In particular, if G is a capable group having a central element of finite order n, 
then G must have an abelian factor group of order n. A perfect group G (G = G’) 
is capable if and only if Z(G) = 1. (Actually every perfect group is unicentral.) 
The above argumentation will be resumed from a more theoretical point of 
view in Section 5. 
2. THE SUBGROUP Z*(G) 
We now introduce a central subgroup Z*(G) of G which contains d(G) and 
has the property that G is capable if and only if Z*(G) = 1. We define 
Z*(G) =n WV); 6% d is a central extension of G}. 
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It is clear that Z*(G) is a characteristic subgroup of G contained in Z(G). By 
Proposition 1 .I we have d(G) Z Z*(G). We shall p rove that there exists a central 
extension of G whose center is mapped onto Z*(G). This justifies the introduc- 
tion of Z*(G). 
PROPOSITION 2.1. If GiAVi are capable factor groups of G (i E I), then 
G/&, Ni is capable. 
Proof. For each i E I let (Ej , Ye) be an extension of G/Vi . Set 
H = 
I 
(e?) in Ei ; 3g E G Vi E I : yi(ei) =: gN . 
is1 I 
Here nit, E, denotes the Cartesian product of the groups Ei . Let further Ki = 
ker pi and K = Hi,, K, . It is clear that K $ H. For each g E G select elements 
errsi E Ei such that Fi(e,,<) = gNi . Then e, : (e,,i) is an element in J&, Ei . 
Put finally D = nio, Ni . By construction gD M e,K is an isomorphism from 
G/D onto H/K. 
If we assume that all (Ei , IJQ) are central extensions and Ki = Z(Ei), then 
K = Z(H) and so G/D g H/K is capable. 1 
COROLLARY 2.2. Z*(G) is the intersection of all normal subgroups N of G such 
that G/N is capable, and G/Z*(G) is capable. 
Proof. If (E, F) is a central extension of G, then G/qZ(E) s E/Z(E) is 
capable. Thus from Proposition 2.1 it follows that G/Z*(G) is capable. 
Suppose N is a normal subgroup of G such that G/N is capable. Choose an 
extension (H, $J) of G/N with ker 4 = Z(H), and let (E, v) be the fiber-product 
of G and H with amalgamated factor group G/N, i.e., 
E ={(g,x)EG x H;gN=$xj 
and v being the projection (g, zc) ++g. Then (E, 9) is a central extension of G. 
By construction Z*(G) C yZ(E) C N. Specialize to AT == Z*(G). 1 
Thus Z*(G) is the residual of G with respect to the class of all capable groups, 
and this class is residually closed. One also sees that there is a central extension 
(E, 9) of G such that vZ(E) = Z*(G). 
COROLLARY 2.3. G is capable if and only ifZ*(G) = 1. l 
3. FREE PRESENTATIONS AND STEM COVERS 
Let (F, 7~) be a free presentation of G with relation group R = ker v. If 
[R, F] C X 2 F then let X denote X/[F, R], and let 7j: P - G be the epimorphism 
induced by z-. Since R/R n F’ s RF’/F ’ is free abelian, there exists a comple- 
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ment 3 = S/[R,F] of I? n E’ in l?. We obtain a central extension (F/S, TV) 
of G where z-s is induced by V. Following Gruenberg [7, sect. 9.91 a central 
extension of G is called a stem coaer if it is isomorphic over G to such one. 
The above construction goes back to Schur [ 171; the terminology comes from 
P. Hall’s paper [9]. (Some authors prefer the notation “representation group,” 
translating Schur; see, for instance, Goldschmidt [6]. For finite groups the 
definition accords with that in [I I, p. 6301.) 
Lmm1.4 3. I. For every free presentation (F, 7~) and every central extension 
(E, p) of G, we have +Z(l?‘) C $(E). 
Proof. Using the universal property of free groups we obtain a homomor- 
phism F - E over G. Since (E, p’) is a central extension of G, this map factors 
through the natural epimorphism F -++p. Thus we have a homomorphism 
p:F+E over G. 
Let .-1 = ker y. Note that E = A @. Since /XZ(fl) centralizes A and @, we 
get /32(p) C Z(E). Now +2(p) = v 0 pZ(p) C qZ(E). 1 
'IIHEOREM 3.2. For every free presentation (F, r) and every stem cover (E, 9’) of 
G, Z*(G) = f?Z(~) = q&-(E). 
Proof. The first assertion Z*(G) = +2(p) follows from Lemma 3.1, by the 
very definition of Z*(G). In particular, +Z(F) is independent of the chosen free 
presentation of G. Hence we may identify (E, q) with (F/S, rs) where 3 com- 
plements I? n p’ in i?. (Actually one can show that every stem cover of G can be 
realized, up to isomorphism over G, within any fixed presentation.) 
Now let T be the inverse image in F of Z(F/S). Clearly Z(p) _C F. On the other 
hand, [F, s] C 3 n 17’ = I and so F = Z(p), as required. 1 
For finite groups G, Read [ 161 studied the centers of stem covers and therefore 
implicitly obtained results about Z*(G). His approach is via a discussion of 
projective representations. 
Remark. Every projective representation over an algebraically closed field 
lifts to linear representations of stem covers, see, e.g., [7, p. 2161. This is part 
of what is called Schur’s theory. From knowledge of projective representations 
one can deduce information on capability. Pahlings [I 5, Satz 4. I] has proved that 
a finite group G has a faithful irreducible projective C-representation if and only 
if there is a group with center factor group G whose socle is generated by a 
single conjugacy class. In particular, G must be capable. 
4. SCHUR MULTIPLICATORS 
We can define the Schur multiplicator of a group G by the Hopf formula 
H,(G) = R n F’JR, F], 
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where R I-+ F -++ G is any free presentation of G [ 10, p. 2041. The right-hand 
side is independent of the chosen representation; changing the presentation 
results, by lifting the identity on G, in a unique transition isomorphism. Thus 
we may regard the right-hand side of Hopf’s formula as a functor of G, which is 
easily seen to be naturally equivalent to the second integral homology. 
Now we regard the group G as a central extension of its central subgroups. 
Like for any group extension one can relate the homology groups. l?or con- 
venience we include the lucid approach in our special situation (see [3, sect. 31). 
LEMMA 4.1 . Let 1Y be a central subgroup of G. Then there is a natural exact 
sequence N 0 G/G’ --f H,(G) + H,(G/N) ---f G’ n N --f 1. 
Proof. Consider a free presentation R :>---f FA+G of G, and let TV- 
ker(F -+ G/N). The injection maps induce the exact sequence 
R n F’/[R, F] -+ T n F’I[T, F] --f T/R + F/RF’ --t FjTF’ --f 1. 
In view of Hopf’s formula, we obtain the exact sequence of the lemma up to 
the term on the left. But (xR, yRF’) ++ [x, y][R, F] is a well-defined bilinear map 
from T/R x F/RF’ into H,(G) == R n F’/[R, F]. The image of this map is 
[T, F]/[R, F], and this is also the kernel of R n F’/[R, F] -+ T n F’/[T, F]. The 
functoriality of the sequence is a consequence of the universal property of free 
groups. 1 
The bilinear map A’ x G/G’ + H,(G) has been discovered by Ganea [5] 
and is called, therefore, the Ganea map for the central subgroup N of G. We will 
discuss these mappings in detail below. The exact sequence 
H,(G) + H,(G/N) + N -+ G/G’ -+ GjNG’ 4 1 
is, by a natural isomorphism, just the 5-term exact homology sequence for the 
central extension N >-+ G +-+ G/N. In particular, the homomorphism 
H,(G/N) + N = H,(N) is the transgression map. 
THEOREM 4.2. Let N be a central subgroup of G. Then N C Z*(G) if and only 
if the natural map H,(G) -+ H,(G/N) is monomorphic. 
Proof. We argue again on the basis of a presentation R >--+ F ---f+ G of G. 
Write E = F/[R, Fj, etc., and let T = ker(F -+ G/N) as before. By Lemma 4.1 
the kernel of H,(G) -+ H,(G/N) can be interpreted as 
[T,;Pl = [T,F]/[RFl. 
But [T, P] = 1 means 5? Z Z(p), and this is equivalent to NC Z*(G) according 
to Theorem 3.2. 1 
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Originally we have defined Z*(G) as the intersection of certain central sub- 
groups of G. Kow we can describe it from below: Z*(G) is thejoin of all central 
subgroups 5 of G for which H,(G) + N,(G/N) is monomorphic. Observe that 
if G is finite, then H,(G) + H,(G/N) is injective if and only if 1 H2(G/N)/ = 
~ H,(G): . I G’ n AT 1 (Lemma 4.1). 
COROLLARY 4.3. G is capable if and only if the natural map Hz(G) - 
H&G/lx>) has a nontrivial kernetfor alt 1 -# x E Z(G). 1 
5. GANEA BILINEAR MAPS 
We shall define suitable Ganea bilinear mappings for all cohomology classes of 
central extensions. To begin, let us denote by yc the usual Ganea bilinear map 
for the central subgroup Z(G) of G. From Theorem 4.2 and Lemma 4.1 we 
obtain the following characterization of Z*(G). 
THEOREM 5.1. Z*(G) is the left kernel of yc . 
Proof. We only need comment that the Ganea maps are functorial for group 
homomorphisms sending central subgroups onto central subgroups. 1 
Sow fix a trivial G-module A and CY E EP(G, A); the (abelian) group -4 is 
written additively. Let pal: f1a(G) + A be the map associated to iy. under the 
evaluation morphism p: P(G, A) + Hom(H,(G), A) of the Universal Coefficient 
Theorem [lo, Theorem V1.15.1]. Then ya = pa 0 yc is a bilinear map which we 
call the Ganea map of N. We have a commutative diagram 
H2(G, A) - ’ z Hom(&(G), 4 
ibe\ /; 
Hom(Z(G) @ G/G’, A). 
It is known that pn can be interpreted, via the Gruenberg resolution, as the 
transgression map defined by any extension belonging to 01 (see [3, Theorem 2.21 
or [6, Theorem 21). 
LEMMA 5.2. Let A be a trivial G-module and a E H2(G, A). 
(a) If A >+ E ++ G is any extension belonging to 01, then Y&(.X, yG’) = 
[fJ , tY] for every transversal (t.J to A in E. 
(b) If f is a (normalized) factor set with cohomology class cy, then ~~(.t, yG’) = 
.I(% Y) - f (Y, .q. 
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Proof (a) Let S >-+F ++ E be a free presentation of E, R = ker(F ---f G), 
and T = ker(F + G/Z(G)). We know already that (x, yG’) M [f, , fll] is a 
well-defined bilinear map y: Z(G) x G/G’ - A (Proposition 1.2). We can 
interpret y as the product of the “commutator map” TjR x F/RF’+ 
R A F’, [R, F] and the homomorphism R n F’/[R, F] -+ R/S induced b, 
injection. According to Lemma 4.1, the commutator map is just the Canea map 
yc . Finally, as noted before, the transgression R n F’/[R, F] --p R/S coincides 
with pcl 
(b) I.et E be the crossed product extension of G by A determined by j, 
i.c., B G < A with multiplication 
(% a) (Y, b) = (xy,f(x, y) + n -\ 6). 
Embed Ad in E via a ~-t (1, u) and write t,E = (x, 0) for s t G. Then (tr) is a 
transversal to ,4 in E satisfying t,t, = tavf(x, y). If x E Z(G), then t,., p= f,,,. and 
Its f tvl f(.v, F) - f(y, MY). Now apply (a). 1 
From the definition of stem covers and the explicit description of the trans- 
gression map, we infer that pR: H,(G) ---f A 1s an isomorphism if and only if :I 
corresponds to a stem cover of G. Actually Stammbach [ 18, p. 1091 has taken 
this fact to define stem covers. (When H,(G) is finitely generated, an extension 
,4 ,---+ I:‘ mm> t G of G is a stem cover if and only if it is a stem extension, i.e., 
A C: E’ n Z(E), such that =2 E Hz(G) as abelian groups. In general one has to 
have that special isomorphism.) We may reformulate Theorem 5.1 and part of 
Theorem 3.2: 
THEUKEN 5.1’. Suppose A X---N E -+ G is a stem cower of G with cohomolo~~~~ 
class 01. Then Z*(G) is the left kernel of yu . 1 
Recall the l--l correspondence between the equivalence classes of projective 
C-representations of G and H2(G, @*) [11, p. 6381. Since QZz is divisible. 
p: H2(G, a=,‘) + Hom(H,(G), UZ*) is an isomorphism and 0 [ker p,>; 
OL E H’(G, QZ-)j :m. 0. Consequently Z*(G) is the intersection of the left kernels to 
the various forms ya for oi E H2(G, @*). We can compute Z*(G) from the 
knowledge of the projective representations of G. (Cf. also [16].) 
For applications it is useful to have a characterization of capability which does 
not involve stem covers. 
PR~~SITI~N 5.3. G is capable if and only if there exists a trivial G-module d 
affording some m E H”(G, A) such that ya is nondegenerate on the left. Ez~ery extension 
belonging to such an 01 has G as center factor group. 
hoof. Straightforward. 1 
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There is a corresponding characterization of unicentral groups: G is unicentral 
if and only if yU is zero for all trivial G-modules A and all OL E H*(G, A). 
In case G is abelian 3/a is an alternating map G2 - A, for each a E H2(G, A). 
Furthermore every bilinear map G2 + A then is a factor set. 
EXAMPLE 5.4. Let n > 2 be an integer and K a Z-algebra with 1. (We do 
not require that the multiplication in K is associative.) Let G be the additive 
group of K”. Suppose first that n = 2m is even. For x = (xi), y = (y,) in G 
define 
f(X, y) == .qy,r,+1 + .%!J,,1r2 -t- ... -t %Y2,,, . 
By assumption f is bilinear and thus a factor set G’+ K, K being viewed as 
a trivial G-module. The map (x, y) tt f (x, y) - f(y, X) is a nondegenerate 
alternating form on G == K2m. (I n case K is a field this is, up to isomorphism, the 
unique nondegenerate alternating form on K 2?n. The existence of such a form on 
K” then forces that n is even.) By Proposition 5.3 there is thus a group I!’ such 
that Z(E) z K and E/Z(E) e G. 
Kow assume n = 2m + 1 is odd (m > 1). Let { l,jj be a basis of K2 so that 
every element can be written uniquely in the form a + bj with a, h E K. Define 
Regarding K2 as a trivial G-module, f is a factor set G? + K2. Again it is easily 
checked that (x, y) w f (x, y) - f(y, x is nondegenerate. We get an extension E ) 
with Z(E) z K2 and E/Z(E) g G. (Th e construction in Section 1, via some 
group of unipotent matrices, yields a central extension with kernel K”--l.) 
Remark. Given a finite capable group G, one might ask for a central extension 
E of smallest order having G as center factor group. We know from Theorem 3.2 
that I Z(E)1 -( 1 H,(G)!. If, for instance, G is elementary abelian of order p”, 
n > 2, the above discussion shows that E can be chosen so that 1 Z(E)1 L-= p 
when n is even, and j Z(E)] = p2 otherwise. (Here 1 H,(G)/ =: pn(+l)12; in case 12 
is even, E is extraspecial of exponent p :> 2 resp. of dihedral type for p = 2.) 
6. CLOSURE PROPERTIES 
We know already that the class of all capable groups is residually closed 
(Corollary 2.2). Tt is obvious that this class is neither subgroup closed nor under 
homomorphic images. But it is closed under direct products and ultraproducts: 
PROPOSITION 6.1. Every reduced product and every subdirect product of 
capable groups is capable. 
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Proof. Let G, = E,/Z(E,) for groups Bi (; E I). Suppose first that F is a 
filter on the index set I. Put 
and define E’(9) for the family (&) similarly. G(9) and E(9) arc normal 
subgroups of the respective Cartesian products, and the factor groups are the 
reduced products module 9. It is immediate that nicl G,jG(,9) is isomorphic 
to the center factor group of fllit, E,/E(,*). 
Suppose next that G is a subdircct product of the Gi , i.c., G is a subgroup of 
ni,, Gi containing the (weak, restricted) direct product Xi=, Gj . Consider 
-4 = nIisl Z(EJ as a trivia1 G-module. Choose factor sets fi: G,a --f Z(E:,), and 
define a factor setf: G2 +Abyf(s,y) (..., fi(.xi,yji) ,... )forx-=(s~),JJ--(y,) 
in G. For all 1 + x E Z(G) there existsy E G such thatf(x, y) # f(y, x), because 
this holds componentwise. Now apply Lemma 5.2 and Proposition 5.3. [ 
It follows at once from Propositions 2.1 and (or) 6. I that Z*(Xip, G,) C 
Xi,, Z*(G,). In general this inclusion is proper. We give a sufficient condition 
forcing equality. 
PROPOSITION 6.2. Let G = Xit, G, . =Issume that fog i +cj the maps 
vL @ 1: Z”(GJ @ G,/G; --, G,/G; @ G/G’; are zero, where vi is the natural map 
Z”(GJ -+ G, + G,/G; . Then Z*(G) : XiE, Z*(GJ. 
Proof. If suffices to show Z”(GJ C Z*(G) for each i E 1. Let A -,--) E ++ G 
be a stem cover of G with cohomology class z E W(G, A). Denote by Ei the 
inverse image in E of Gi . Since [Gi , Gil = I for i f j, we have [E; , Ej] z- I 
by the 3-Subgroups Lemma [I 1, p. 2571. F rom Lemma 5.2 it follows that, for 
yj E Gj , s, tt yI(xi , yjG’) is constant on the cosets mod Cl (x, E Z(G[)). Thus by 
hypothesis ya(xi , y,G’) = 0 for all si E Z*(Gi), yj E Gj (i f,j). If y = (yj) is an 
arbitrary element in G, then by bilinearity 
Y~(x~ , yG’) = c y&ci , yjG’) = y& , yiG’) = 0. 
Hence Z*(Gi) C Z*(G) by Theorem 5.1’. 1 
Suppose for example that G == )( G,, is an abelian (or nilpotent) torsion 
group where G, is the p-primary component of G. Then clearly G,/Gk @ 
G,/Gi = 0 for p f 9. Hence Z*(G) =: )( Z*(G,). In particular, G is capable 
(unicentral) if and only if all primary components G, are capable (unicentral). We 
also have the following: 
COROLLARY 6.3. Suppose G --: XiEI G, where all Gi are stem groups, i.e., 
Z(GJ C G; . Then Z*(G) = Xj,IZ”(Gj). 1 
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We are finally concerned with extension groups. It is easy to find examples 
illustrating that extensions of capable groups by capable groups need not be 
capable. 
PROPOSITION 6.4. Let H be a capable subgroup of G with jinite index such that 
the transfer map 7: G -+ H/H’ is surjectke. Then Z*(G) n H = 1. 
Proof. Let A be a trivial G-module and fo: Hz - A a factor set such that the 
corresponding bilinear map Z(H) x H/H’ -A is nondegenerate on the left. 
Via “corestriction” we get a factor set f: G’ --z A. If (ti) is a left transversal to H 
in G, then xti = trixi for each x E G, where i t-t xi is a permutation on the index 
set and xi E E-l. Using this notation, 
(cf. [l 1, p. 1151). Now fix 1 + x E Z(G) n H. Then xi = i and .r, =-: s for all i. 
By Lemma 5.2 y i--, f (x, y) -f (y, X) is a homomorphism from G to A. Hence 
fk -4 -fkh xl = c (fob ?i) - f”(Yi 7 4) =.fok Y) -f,(r, ‘r), 
? 
where 9 is an arbitrary element in H with YH’ = niyiH’. But this means 
my = 7,‘. Since 7 is surjective by hypothesis, we can conclude that there is an 
element y E G such that f (x, y) f f (y, x). This implies .X 6 Z*(G). 1 
COROLLARY 6.5. Suppose His a normal subgoup of G with finite index. If both 
Hand G/H are capable and if the transfer map G -+ H/H’ is surjectine, then G is 
capable. 
Proof. Since G/H is capable, Z*(G) C H by Corollary 2.2. On the other hand, 
Z*(G) n H = I by Proposition 6.4. Consequently Z*(G) = 1 and so G is 
capable. 1 
Corollary 6.5 applies, for example, when H/H’ is a central factor of G whose 
order is prime to 1 G/H 1. Note that the image of the transfer homomorphism 
from G into an abelian normal subgroup is always contained in Z(G). It is readily 
seen that the capability of Z(G) d oes not imply that of G, in general. 
7. ABELIAN GROUPS 
The capability of abelian groups has been investigated by various authors, 
most remarkably by Baer [I] and Moskalenko [13]. We shall give a short proof of 
Baer’s result (see Corollary 7.4). F or an abelian group G, by a theorem of 
C. Miller [12] the Schur multiplicator H,(G) is isomorphic to the exterior square 
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AS(G) -m- G A G (G viewed as a Z-module). In fact, there is a natural isomor- 
phism which is induced by the Ganea map yc: 
1,EMRIA 7. I. The Ganea mappings induce a natural equivalence of the functors 
A’(---) and ZI&) on abelian groups. 
I-Voof. It is immediate from Lemma 4.1 that, for an abelian group G, yc; 
induces a natural epimorphism PC;: A”(G) --F+ H,(G). If G is cyclic, An(G) : 
0 =: H,(G). It is known that 
Comparing this with the Kiinneth formula [ 10, Theorem \‘I. 15.21 we see that yc 
is an isomorphism when G is finitely generated. A4 direct limit argument gives 
that yC; is an isomorphism in general. 1 
COROLLARY 7.2. An abelian group G is capable if and only if the natural 
alternat$r map G x G --ir G A G is nondegenerate. 
Proof. Apply Theorem 5.1 and Lemma 7.1. 1 
It is now easy to derive Baer’s result describing all capable abelian groups 
which are direct sums of cyclic groups. 
PROPOSITIOK 7.3. Assume G is a direct sum of cyclicgroups. Let 1’ =~- Tar(G) 
be the torsion subgroup and Y 7-x rO( G) the torsion-free rank of G. Then: 
(i) Z”(G) 7: 0 wheneaev Y :‘j 2. 
(ii) Let 1’ -: 1. If T is unbounded, Z*(G) m= 0. If T is of $nite exponent m, 
then Z”(G) _ : mx,, where (A‘: is a direct summand of G of injnite order. 
(iii) Suppose G =- 1’ is a torsion group and P the set of primes p for which 
the p-primary component G, is of finite exponent. For p E P let n,, be the least 
p-pozcel such that nnGv is cyclic. Then Z*(G) (<jpep n,,G, 
Proof. We can write G -= (&(.q;, where each (si> is either infinite or a 
p-group for some prime p. Let z -= C nixj be an arbitrary clement in G (ni E Z). 
By Theorem 5.1 and Lemma 7.1, z is in Z*(G) if and only if z A X, =- 0 for all 
jEI. In case (xi\ is a p-group, then z A X, , 0 exactly when n, is a multiple 
of I(x~>! for all those i ;‘j where <si’> is either infinite or again a p-group. For 
infinite (xj , we have B A xi -= 0 if and only if z E (mj‘>. This gives the asser- 
tion. 1 
COROLLARY 7.4 (Baer [I]). Let G be a direct sum of cyclic groups. Then G is 
capable precisely when 
(i) r,(G) ;> 2, or 
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(ii) r,,(G) em 1 and Tar(G) is unbounded, OY 
(iii) G is torsion and, fey euery prime p, either G,, is unbounded or its largest 
inoariant occurs at least twice. 1 
From Proposition 7.3 it readily follows that d(G) := Z”(G) when G is a 
finitely generated abelian group. 
The capable abelian torsion groups are classified in Moskalenko [ 131. Of 
course, one needs only consider p-groups, in view of Proposition 6.2. If G is an 
unbounded abelian p-group, Moskalenko showed that G is capable if and only if 
no element 1~~0 of G has infinite height. In case G is bounded, the result is as in 
Corollary 7.4.( L:se a direct limit argument.) 
It appears to be rather difficult to describe all capable abelian groups. One 
reason for this is the fact that direct limits of capable groups need not be capable. 
(A counterexample is Z(p”-) @ Z(p”) := l&(2@“) @ Z(p%)).) Direct limits 
work, howcx-er, in case of torsion-free (and bounded) groups: 
PROPOSITION 7.5. A torsion-free abelian group is capable if and only if its 
Tank is =L 1. 
Proof. .A torsion-free abelian group of rank 1 is locally cyclic and hence not 
capable. Suppose G is a torsion-free abelian group with rank r,(G) 2 2. Let 
11’ ;i 0 be a cyclic subgroup of G. In view of Corollary 4.3 we have to show that 
C = ker(H,(G) + H,(G/N)) . IS nonzero. Let (Gi) be the family of all finitely 
generated s&groups of G of rank 32 and containing hr. Clearly G = & Gi . 
Since G; is capable, Ci == ker(H,(Gi) -j H,(G,/N)) is nontrivial. It is well known 
that the homology functor Ha(-) commutes with direct limits and thath is an 
exact functor on the category of (abelian) groups. Consequently C = l&t Ci . 
Since C’, .~ 0 for all i, the claim is evident if the maps of the direct system (Ci) 
are injectirc. 
Thus it suffices to check that whenever ~1 >‘,---f B is an injection of torsion-free 
abelian groups of finite rank, then the induced map H,(A) - H,(B) is injective 
too. This is easily established by induction on the rank of B, using the Kiinneth 
theorem and flatness of torsion-free abelian groups. 1 
8. EXTRA-SPECIAL ~-GROUPS 
1Ve call G a (full) central product of groups Gi (; E 1) if G my (Gi; i E I> and 
if [G, , G,] m-- 1 and Gi n G, = Z(G) for all i # j. This is equivalent to saying 
G is the direct product of the groups Gi amalgamating the isomorphic centers 
Z(G;). 
PROPOSITION 8.1. Suppose G is the central product of nilpotent groups Gi 
satisfving G: mm= Z(G,) (iG1). If / I / 3 2, then G is unicentral. 
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Proof. Let -4 -,---f E --f-f G be a stem cover of G and E, be the in\-crse image 
in E of Gi (ill). Note that A C E’ n Z(E). Since [Gi , G,] =~m I for i ;i’ i, Ej 
centralizes Ei (3-Subgroups Lemma). Moreover, we have G’ == G; and so 
for all i ~1. Xow ~ I j 3 2 implies that B’ L Z(E). Of course, ue even have 
E’ = Z(E) and therefore Z”(G) = G’ by l’heorem 3.2. We arc done since 
G’ = Z(G). 1 
COROLLARY 8.2. .4n extra-special p-group is capable if a& only q it is either 
dihedral of order 8 or of order p3 and exponent p _ % 2. 
Proof. Let G be an extra-special p-group (finite or infinite). ~‘hoosc .Y, ~1 t G 
with my :+ ys. Then G is a central product of G, m= <s, y‘ and G? (‘,;( G,). 
Proposition 8.1 applies when I G 1 3 p5. So let I G ~ = p3. 
P. Hall has already shown that G is capable if it is of csponcnt p 2 [9, 
p. 1391. In fact, let G = (x, J,> and let ‘~1: be cyclic of order p. ‘l’hcn the semi- 
direct product E of G x (z> by the automorphism 6 of order p, with SX XY, 
Sy = yz, Sz :-= z, is a stem cover of G with E/Z(E) g G. If G is of exponent pn, 
p odd, then U,(G) -mm d(G) = Z(G) and so G cannot be capable. 
It is obvious that all dihedral groups are capable and all generalized quaternion 
groups are unicentral. i 
From Corollary 8.2 and [15, Satz 4.11 it follows that the dihedral group of 
order 8 and the non-abelian p-groups of order p3 and exponent p ’ 2 are the 
only finite extra-special p-groups having a faithful irreducible projective 
@-representation (see also [ 14, Proposition 7.61). 
9. METACYCLIC GROUPS 
The presentation of metacyclic groups has been discussed by Holder already. 
‘I’he parameters involved in such a presentation usually are not uniquely 
determined by the isomorphism type of the group. We will fis the following 
“normalization” condition. 
LEMMA 9.1. Every jinite group G having a cyclic normal subgroup of order m 
with cyclic factor group of order n has a presentation 
G(m, n, Y, s) == (x, y; xm =: I, y?q :-= .-cr,yn -= .Y’” , 
where Y and s are positive integers satisfying Y” m:~ I (mod m) and 
(m, 1 + Y t “. i r~-~) :- 0 (mods). 
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Proof. Let G = (u, v) where H = (u) is a normal subgroup of G with order 
m. Suppose V- %ZJ = uT for some positive integer Y. Then clearly rn = 1 (mod m). 
(Conversely, if this holds then the presentation defines a metacyclic group of the 
given type.) We claim that there are generators X, y of G such that H = (x) and 
y =: v (mod H) and y” = x5, where s divides the greatest common divisor 
(772, ] -t 1’ -~ “’ -!- F-1). 
Let 7 be the transfer map from G into H. Then ru = z&r:-“.? r.“-l and 
T?j z v”. There exists a positive integer i such that 7G = (ui) and TV zz ui 
(mod TH). (Apply the Chinese Remainder Theorem.) If T(U+V = ui then we 
set y _: ujv. There exists further an integer t prime to m such that t (m, i) - i 
(mod m). Kow put x = ut and defines = (m, i). We are done since 7y = yn = xs 
generates Q-G. 1 
Let G G(m, n, Y, s) be presented as in Lemma 9.1. Then m divides 
s (m, Y ~~~- I), and s . (m, Y - 1) divides rn - 1, because x”(r-l) = [x, y]” = 
[~“,y] = 1 and s divides 1 + r + ... + m-i = (P - I)/(Y - 1). One has 
G’ == (~(~3~ l)), while Z(G) is generated by zmi(n*r-l) and yii where n” is the 
smallest positiv-e integer satisfying ra = I (mod m). Observe also that d(G) C 
(y”). Hence if G is capable, then G must split over H = (x). 
The Schur multiplicator of metacyclic groups has been calculated by various 
authors. A very lucid approach is given in Beyl and Jones [2] by constructing 
metacyclic stem covers with trivial Schur multiplicator. We use this to compute 
Z*(G). 
PROPOSITION 9.2. Let G = G(m, n, r, s), and let ii be the smallest positive 
divisor of n satisfying 1 + Y + ... + rfiel = 0 (mod s). Then Z*(G) is the cyclic 
group of order nmliis generated by y ‘. 
Proof. We recall the construction given in [2]. Define 
p = s . (m, Y - 1)/m, 
and choose an integer v^ such that r^ = Y (mod m) and (r^ - l)/(m, Y - 1) is prime 
to m. Then (pm, r^ - 1) = (m, Y - 1) and P = 1 (mod pm). Thus G = 
G(pm, n, i, s) is defined, say with generators s’, 9 instead of x, y. Then 9 +P X, 
j ~fy gives an epimorphism v: G -++ G. By [2] the extension (G, v) is a stem 
cover of G. In particular, p is just the order of H,(G). 
Now Z(G) L-=- (P, 9”) where li: is the smallest positive integer with r^” E 1 
(mod pm). But E divides n and 9” = P. Hence Z(G) = ( j”), 
From Theorem 3.2 we infer Z*(G) = (y”). Since y is of order n . m/s, 
1 Z*(G)/ = nm/Cs. Thus we are done once we know 6 = ii. But pm divides 
r^j - 1 = (r^ - l)(l + r^ + ... + {j-r) if and only if s = pm/(pm, i - 1) 
divides 1 + r^ + ... + +I. A s r - r mo m an s 1v1 * 5 ( d ) d d’ ‘d es m, we get the desired 
equality. 1 
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COROLLARY 9.3. G =-. G(m, n, r, s) is capable if and only ifs n/ and w is the 
smallest positive intger satisfying 1 -+ y l- ... + rnpl -: 0 (mod VI). i 
Notice that if s m=- m, then G splits over ii = (xi and HT(G) is of order 
p = (m, r ~ 1). We see that then m =: p 1 G’ I and n == 1 G ljnl are invariants 
of G. 
We conclude the paper by showing that capable metacyclic groups have 
faithful irreducible projective C-representations. This can be deduced also, on 
the basis of Corollary 9.3, from [14, Theorem 4.41. (Apparently Ng [I41 did 
not recognize the relationship with capability.) 
(‘OROLLARY 9.4. A finite metacyclic group has a faithful irreducible projectiw 
C-representation if and only if it is capable. 
Proof. Let G =- G(m, n, Y, s) be capable, and let G .m= G(~vI, n, +, s) be the 
metacyclic stem cover of G as specified in the proof of Proposition 9.2. Then 
(?/Z(e) g G. We claim that the socle of C? is cyclic so that Pahlings’ result 
[I 5, Sat2 4.11 applies. 
Let N be a minimal normal subgroup of e. Assuming X g !.i,.. there is an 
element z = k”y E N with 0 < j < n. Then [5, z] = &-’ E he. Since <[a, 21: 
is normal in C?, the minimality of :V requires r^j - 1 = 0 (mod ~wz). Hut this 
implies that s =- m divides 1 + Y -1 ... + +l, contradicting Corollary 9.3. [ 
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